Spherical completeness
Throughout this paper K = (h', ( )) will denote a non-archimedean complete valued field with a non-trivial valuation ( . I. It is well-known that the absolute value function I . | of the field of the real numbers IR or the complex numbers. C satisfies the following properties :
(i) 0 H, |x| = 0 iff x = 0, (ii) |x + |x| + |y|, (iii) |xy| = |x||y|, x, y E IR or x, y ~C. If K is a field, then by a valuation on K we will mean a map | . | of K into 1R, satisfying the above properties; in this case (.K, ~ . . )) will be called a valued field. We will assume that K is complete with respect to the natural metric of K.
It turns out that if K is not isomorphic to IR or C, then its valuation satisfies the following strong triangle inequality, cf. e.g. [12] , (ii') I x + max{|x|,|y|},
x, y E K.
A valued field K whose valuation satisfies (ii') will be called non-archimedean and its valuation non-archimedean. [3] :
A non-archimedean metric space (X, p) will be said to be spherically complete if the intersection of every shrinking sequence of its balls is non-empty.
Clearly spherical completeness implies completeness; the converse fails : The space (N, p) is complete but not spherically complete. We refer to [11] and [12] for more infomation concerning this property. [5] , [6] , [7] , [12] .
The Mackey-Arens and Hahn-Banach theorems
The terms " K-space" , "topology","seminorm or norm" will mean a Hausdorff locally convex space (lcs) over K, a locally convex topology (in the sense of Monna) and a nonarchimedean seminorm (norm), respectively A seminorm on a vector space E over K is non-archimedean if it satisfies condition (ii'). Clearly the topology T generated by a norm is locally convex. . Recall that a topological vector space (tvs) E = {E, T) over K is locally co~ve~ [10] if T has a basis of absolutely convex neighbourhoods of zero. A subset U of E is absolutely convex (in the sense of Monna [10] ) if ax + ,Qy E U, whenever x, y E U, E, 1, |03B2| 1. For the basic notions and properties concerning tvs and lcs over K we refer to [10] , [11] , [13] . A The following theorem characterizes the spherical completeness of K in terms of classical theorems of Functional Analysis; cf. also [5] , [6] and [12] , Theorem 4.I5. The proof of our Theorem 3 uses some ideas of [4] extended to the non-archimedean case. I°° (resp. co) denotes the space of the bounded sequences ( resp. the sequences of limit 0} with coefficients in Ii'. [12] . On the other hand, by Theorem 4.17 of [12] (and its proof) the space E is reflexive and for every g E E* there exists (an) E F such that g( x) = En xnan for every x = (xn) E E. Since ( E, ~( E, E* ) ) is a sequentially complete lcs [12] , Theorem 9.6, then Zkek weakly converges to x = (xn).
Remark In [9] Martinez-Maurica and Perez-Garcia proved that whenever K is spherically complete, then the local convexity is a three space property i.e. if E is an A-Banach tvs over K and F its subspace such that F and E/F are locally convex, then E is locally convex. Is the converse also true?
By L(E, F) we denote the space of all continuous linear maps between lcs E and F. A topology a on E will be called compatible with the pair (E, F) ; if F =, as usual we shall say that a is compatible with the dual pair (E, E*), where E* := L(E, K).
A lcs space F will be said to have the Mackey-Arens property (MA-property) if for every lcs space E the finest topology p.(E, L(E, F)) compatible with (E, L(E, F)) exists, '7~ .
As we have already mentioned Van Tiel [14] proved that if K is spherically complete, then K has the MA-property, i.e. every K-space E over spherically complete K admits the finest topology E*) compatible with the dual pair (E, E*). We have already proved the converse : If K is not spherically complete, then .~°° does not admit the Mackey topology (l~, (.2°° ) * ). Hence Corollary K is spherically complete iff it has the MA-property.
On the other hand one has the following Theorem 4 Every spherically complete normed K-space F = (F, ~.~) has the MAproperty.
We shall need the following Lemma 1 Let E, F be two vector spaces over K, where F is endowed with a norm~.~~ and p, q are seminorms on E. Let T E --~ F be a linear map such that max{p{x}, q(x)). If F is spherically complete, then there exists two linear maps T= : E ~ F, i = 1,2, such that T = Ti + T2 and P(x)~ q(x), x E E. Proof Set P(x, x) = T(x), U(x,y) = x, y E E. Then U(x,y) is a seminorm on E x E and = = U(x,x). Since F is spherically complete, then by Ingleton theorem, cf. e.g. [6] , Theorem 4.18, there exists a linear map Po : E x E ~ F extending P such that ~(P0(x,y))~ U(x, y), x, y E E. To complete the proof it is enough to put Tl (x) = Po(x, 0), T2(x) = P0(0, x). We shall also need the following lemma. Its proof uses some ideas of [1] and [4] . . Lemma 2 Let E, F be two dual-separating K-spaces over non-spherically complete K and such that F is complete and E is an infinite dimensional metrizable and complete. Then E admits two topologies T~ and T2 strictly finer than the original one of E and compatible with the pair (E, L(E, F)) and such that the topology sup{1, 2} is not compatible with {E, L{E, F)). (4) In [13] , Corollary 7.9, Schikhof proved that for polarly barrelled or polarly bornological K-spaces (E, r) where K is not spherically complete, the finest polar topology E*) compatible with (E, E*) exists and equals T.
